We study the scaling of decoherence of decoupled electron spin qubits due to hyperfine interaction. For a superposed state consisting of product states from a single Zeeman manifold, both T * 2 (n) and T2(n) are scale-free with respect to n and the number of basis states, m. For a superposed state made up of states from different Zeeman manifolds, both T2(n) and T * 2 (n) are roughly inversely proportional to √ n. Our results can be extended to other decoherence mechanisms, including in the presence of dynamical decoupling, which allow meaningful discussions on the scalability of spin-based coherent solid state quantum technology.
Introduction.-Large-scale quantum information processing (QIP) requires the generation, manipulation, and measurement of fully coherent superposed quantum states involving many qubits [1] . One of the key issues for QIP is how well such a many-qubit system can maintain its quantum coherence. This is also an important issue from the perspective of fundamental physics: it remains an intriguing question how a large number of microscopic quantum mechanical systems together behave classically as a macroscopic object. Again, decoherence is central to such quantum-to-classical transitions [2] .
A confined single electron spin in a semiconductor quantum dot (QD) or a shallow donor is highly quantum coherent, and is an ideal candidate as a qubit [3] [4] [5] [6] [7] . At low temperatures, an isolated electron spin has an exceedingly long longitudinal relaxation time [8] [9] [10] [11] , and a very long pure dephasing time after removing inhomogeneous broadening [12] [13] [14] [15] . It is now well understood that the main single-spin decoherence channel is through hyperfine coupling to the environmental nuclear spins [13] [14] [15] [16] [17] , and the effects of hyperfine interaction have also been investigated for coupled two-, three-and even more spin systems [18] [19] [20] [21] [22] [23] [24] [25] [26] . On the other hand, decoherence of a many-spin system is still unexplored.
In this Letter we study hyperfine-induced decoherence of n (≫ 1) decoupled QD-confined electron spin qubits. Our goals are to clarify how fast a many-qubit superposed state loses its coherence, and how this collective decoherence scales with the number of qubits involved. In our study, a uniform magnetic field is applied, so that the Zeeman splitting is much larger than the nuclear-spininduced inhomogeneous broadening (see Fig. 1 ). Consequently, the dominant single-spin decoherence channel is pure dephasing due to the nuclear spins [16, 17] . We explore how this dephasing mechanism affects a many-spinqubit state by examining a large number of superposed states in various forms. Our results from this broadranged exploration indicate a sublinear scaling behavior for dephasing rates in the short time limit, making the scale-up of a spin-based quantum computer a difficult but not intractable endeavor.
Electron-nuclear spin hyperfine interaction.-We consider n decoupled electron spins in a finite uniform magnetic field, each confined (in a quantum dot, nom-FIG. 1. The sketch about the energy distribution of manifolds (0 ≤ k ≤ n) for n electrons separately confined in n decoupled QDs. Each electron spin is coupled to local nuclear spins by hyperfine interaction that gives rise to local field as large as ∆B, so that the energy level for each manifold is broadened to a band with width √ n∆B.
inally) and interacting with a local and uncorrelated nuclear-spin bath through hyperfine interaction. The total Hamiltonian for this n-qubit system and the nuclear spin reservoirs is
where Ω is the electron Zeeman splitting, ω jα is the nuclear Zeeman splitting of the α-th nuclear spin in the j-th QD (from here on j will always be used to label the QDs), and A jα is the corresponding hyperfine coupling strength. The number of nuclear spins coupled to each electron spin, N j , is generally large, in the order of 10 5 to 10 6 in GaAs QDs, and ∼ 10 3 in natural Si QDs. With the electron spins isolated from each other, the total Hamiltonian is a sum of n fully independent singlespin decoherence Hamiltonians. The evolution operator for the n-qubit can thus be factored into a simple product of operators for each individual qubits (before and after tracing over the local nuclear reservoirs). We present a brief recap of single-spin decoherence [16, 17] properties in appendix A, and focus here on how we approach the multi-spin-qubit decoherence problem based on the results of the single-qubit case. We also note that inhomogeneous broadening and the narrowed-state free induction decay are statistically independent because of independence between longitudinal and transverse Overhauser fields, as presented in appendix C. These two pure dephasing channels follow the same scaling law, i.e., T * 2 (n)/T * 2 (1) = T 2 (n)/T 2 (1). Thus in the following we will focus on the scaling analysis of T * 2 (n). Multi-spin decoherence.-For an n-spin system in a finite uniform external magnetic field, the full Hilbert space is divided into n + 1 Zeeman subspaces, labeled by the expectation value of
degenerate states (in the absence of nuclear field), which has k spins in the |1 state and n − k spins in the |1 state. The local random Overhauser field breaks this degeneracy and leads to a broadening of ∼ √ n∆B, as illustrated in Fig. 1 . For our decoherence calculations, we use the spin product states |x r = |l For a superposed state |x that contains more than one product state, decoherence emerges due to the nonstationary random phase differences among m product states |x r 's: |x(t) = |d r | 2 = 1 (from now on we use m to represent the number of product states contained in |x , and the notation for the Overhauser field is defined in the appendix B). As a collective decoherence measure of |x caused by the inhomogeneous broadening [i.e., in the following calculations we use only the longitudinal Overhauser field B instead of the total Overhauser fieldB], we use fidelity defined as F (t) = M [ x|x(t) x(t)|x ] [see Eqs. (C2) and (C3)]. For |x , we find
where the phase difference is
is solely determined by the number j ik of spins that are opposite in orientation between basis states |x i and |x k . For example, if |x = (|111 + |111 + |111 )/ √ 3, then j ik = 2, so that Eq. (2) takes on the form F (t) = 3 + 2M [cos θ 12 t + cos θ 13 t + cos θ 23 t]/3, where θ ik happens to be 2(B z i −B z k ). After a semiclassical evaluation of the Overhauser field noise, and using the result of T *
2 } in the short time limit. Thus in this example, T *
2 }. Examples of multi-spin decoherence.-With our understanding of single-spin decoherence, and with a measure (fidelity) of the collective decoherence for a multi-spin state |x , we are now in position to clarify the scaling of the inhomogeneous broadening time T * 2 (n) in various subspaces of the n-spin system. Below we describe the results from several representative classes of |x .
Case A: single product state.-The simplest multi-spin state is a single product state (m = 1). The random Overhauser field acting on a product state creates a random but global phase (relative to when the nuclear reservoir is absent). This global phase does not lead to any decoherence, as there is no coherence (phase) information stored in a product state to begin with.
Case B: two product states, with m = 2 and k ≥ 1.-The simplest multi-spin state that can undergo pure dephasing consists of two product states. Here we choose a particular class of |x B = d 1 |b + d 2 |k , with one product state being fully polarized |b = |1 ⊗n , while the other being from the k-th subspace with k spins prepared in |1 . The fidelity of such a state is given by
so that
In this case, dephasing time is inversely proportional to the square root of the number of spins prepared as |1 in |k . A special example here is the GHZ state, |x GHZ = (|1 ⊗n + |1 ⊗n )/ √ 2, for which the two product states have completely opposite spins. The decoherence rate is simply T *
where n is the number of spin qubits involved. Indeed, the worst case of scenario for a two-product-state |x is when the pair of product states have completely opposite spins, T * 2 (n)/T * 2 (1) = 1/ √ n. Case C: n ≥ m ≥ 2, k = 1-We now consider an |x that is a general superposition of m product states from the first manifold with one spin in |1 . In other words,
. This is a state that is slightly more general than the W -state, with a random weight and phase for each basis state. The fidelity of |x(t) C is
which implies (by the Cauchy−Schwarz inequality)
Here the upper bound (∞ means no decoherence) is approached when a particular |d j1 | = 1 while all other |d j2 =j1 | = 0, so that we go back to a single product state. The lower bound corresponds to the equallypopulated superposed states with |d j | 2 = 1/n, i.e., an almost normal W -state (a standard W state would have all d j having the same phase, too). When n → ∞, T * 2 (n)/T * 2 (1) ≥ 1/2. The whole system acts like a giant spin−1/2 system that is spread out over n physical spins. Notice that the lower bound of decoherence time is scale-free. The scaling of decoherence for large n is insensitive to either the population distribution on each basis state or the total number of physical spins.
-We now extend |x to a more generalized W -state that is uniformly distributed over all the product bases in the k-th Zeeman manifold, with k ≥ 2. Consider a particular example, |x D = m r=1 d r |x r , where |d r | 2 = 1/C k n and each |x r has k spins in |1 and n − k spins in |1 . The overall decoherence is determined by the phase differences between every pair of states from the C k n basis states. Since C k n = C n−k n , we limit our discussion below to k ≤ n/2 without loss of generality. The phase difference θ r1r2 between a particular pair of product states |x r1 and |x r2 can involve Overhauser fields in 2j QDs, where j ≤ k. In the extreme case of 2j = n, the pair of states has completely opposite spins. 2 }. Therefore the fidelity for this generalized W -state is
Thus
In this case, we find that (a) when n → ∞, T *
, which is scale-free with respect to the number of spins n as well as the number of product states m in |x D (it is a similar feature as in Case C, where k = 1); (b) overall decoherence is completely suppressed when k = 0 or k = n, i.e. T * 2 (n = k) = ∞. These two Zeeman manifolds contain one state each, so that Case D is reduced to Case A; (c) the strongest decoherence occurs when k ≈ n/2, where T * in the k-th manifold, with completely random coefficient for each basis state. Figure 2 clearly shows that deviations from the result of |x D -state quickly decrease with increasing n and k. Thus the equal-weight |x D state is a very good representative of both Cases C and D.
Case E: m = n.-Next we further generalize |x to be a superposition over product states picked from more than one Zeeman manifold. Out of the infinite number of possible combinations, we pick one class of such states, with one product state from each Zeeman manifold, so that m = n and |x E = n r=1 d r |x r , with |x r picked from the r-th manifold. To obtain analytical results, we first assume equal weight for all the states involved: |d r | 2 = 1/n. To further limit the choice of states, we assume there is j spin polarization difference between |x r and |x r+j , r = 1, 2, · · · , n − j. For example, for a 3-spin system, |x can be chosen as (|111 + |111 + |111 )/ √ 3. For an arbitrary n, the fidelity is
Therefore
As in Case D, we generalize |x E to |x ′ E by randomizing the weight |d r | 2 's, 1 ≤ r ≤ m, and the selection of the product basis states within each manifold. In Fig. 3 we plot our numerical results as compared with the analytical expression from Eq. (10) . While the error bars in (10) in Case E. In frame (a), we use 100 states with random product bases and random populations; in frame (b), we use 100 states with the fixed bases of |x E but random populations in each product basis state. C k n /2 n |W k , where |W k is a normalized W -state in the k-th manifold. In fact, |x F is just the fully superposed state [(|1 + |1 )/ √ 2] ⊗n . For the overall decoherence, C 2 2 n pairs of phase differences have to be taken into account. There are 2 n C j n elements involved with j spins, 1 ≤ j ≤ n, in the set of {θ j i1i2 }, i 1 = i 2 . The fidelity is
Consequently, we have
Based on this equation and the numerical simulation over |x ′ F with randomized coefficients as seen in Fig. 4 , the dephasing time for |x residing in the whole Hilbert space adhere to the sublinear power-law n −1/2 , the same as in Case E.
Conclusions and Discussions.-We have explored the scaling behavior of the decoherence time of n decoupled electron spin qubits by investigating the fidelity of 6 classes of representative superposed states |x . Each electron spin is individually coupled with its own nuclear spin bath through hyperfine interaction, and we do not consider electron-electron interactions in this study.
Our results are summarized in Table I , where k is the number of spins in |1 in a product state that makes up of |x . Typically, both inhomogeneous broadening dephasing rate 1/T * 2 (n) and pure dephasing rate 1/T 2 (n) are sublinear power-law functions of spin number n. If |x is constrained in a single subspace with a fixed k, T * 2 (n) and T 2 (n) become scale-free with respect to n and m (the number of basis states involved).
The scaling behaviors revealed in our case studies can be qualitatively understood based on counting the number of different spin orientations in any pair of product states. Considering any m product states making up a |x , a large fraction of pairs have O(n) electron spins oriented in the opposite direction. If we average over all possible states assuming |d r | 2 ≈ 1/m, then the state fidelity given in Eq. (2) could be estimated as
The decoherence rates are insensitive to m because of normalization and our equal-population assumption. Furthermore, in the k-th manifold, the scaling law is 1/ √ k because an arbitrary pair of states is different in O(k) spins.
Our study here could be straightforwardly extended to other decoherence mechanisms. If the single-spin decoherence function is given by W (t) = exp{−[t/T 2 (1)] ν }, the index of every power-law (−1/2) in Table I should be revised to −1/ν. For example, spin relaxation induced by electron-phonon interaction produces a linear exponential decay characterized by T 1 , with 1/T 2 = 1/(2T 1 ). In this case the scaling power-laws for the n-spin system will be modified to be proportional to k −1 or n −1 based on the selection of |x . For decoherence due to Gaussian noise under dynamical decoupling [27] , the decay functions have ν = 4 for spin echo (SE) and ν = 6 for two-pulse Carr-Purcell-Meiboom-Gill sequence, so that the scaling factors for decoherence times of the n-spin system become n −1/4 and n −1/6 , respectively. Our results are important to the scale-up considerations for spin-based quantum computers or more general qubits that are under the influence of local reservoirs. The sublinear scaling shows that a large superposed state does not lose its fidelity overly quickly as conventional wisdom may dictate. The scale-free states also help us identify what Hilbert subspaces are more favorable in coherence preservation. Now that the hyperfine Hamiltonian takes on a diagonal form, it can only lead to dephasing between different product states due toB, similar to the single-spin case we discussed above. The dephasing of a product state |x r relative to |x r ′ is due to the difference in the random Overhauser fieldB for these states. To analyze the relationship between inhomogeneous broadening and narrowed-state free induction decay in an n-decoupled-qubit system, we consider an arbitrary pure state in a subspace spanned by m spin product states |x = Here l r j refers to the electron spin orientation along the z-direction in the jth QD for state |x r , and takes the value of 1 or1 ≡ −1 for notational simplicity. This selection is general enough to cover all the cases discussed in the main text. Helped by the Overhauser fields defined above, and under the diagonalized hyperfine interaction Hamiltonian in Eq. (B1), an initial state |x evolves into
. Collective decoherence emerges due to the non-stationary random phase differences among the m product states |x r 's. The fidelity between |x(0) and |x(t) can be expressed as 
This result is obtained by the quantum noise theory [28] , which is valid at least in the short time limit. Physically it is based on the assumption that longitudinal and transverse Overhauser fields are independent from each other, so that the averages above can be factored. The two decoherence mechanisms are thus mutually independent. Using the short notations
where B ≡ 2 k<r |d k | 2 |d r | 2 B kr . In short, Eqs. (C4) and (C5) prove that inhomogeneous broadening and narrowed-state FID are independent decoherence channels, and have the same scaling behavior. The overall decoherence function is just a simple product of the decay functions for inhomogeneous broadening FID and narrowed-state FID. We can thus focus on just inhomogeneous broadening in our discussion of decoherence scaling for n spin qubits and in main text, we omit the superscript of the phase difference θ for notation simplicity.
Appendix D: Numerical evaluation of n-spin decoherence Equation (C5) gives a general description of decoherence function within the Overhauser field approach. Notice that the fidelity F (t) of a pure state |x is solely dependent on the function B, which is only a function of populations in product basis |x r 's, but not a function of the phases of these amplitudes. For example, when |x is a single product state |x r , i.e., Case A in the main text, B = 0. Now the random phase is global, and does not lead to decoherence. If more than one coefficient is non-vanishing, so that B = 0, there will be finite decoherence.
One can then use the expression of B and Eq. (C5) to numerically obtain the scaling behavior of T * 2 (n)/T * 2 (1) or T 2 (n)/T 2 (1) for an arbitrary initial state. Although there is an infinite number of possible superposed states even for a small n, it turns out that the averages of the numerical results for different classes of states agree quite well with the analytical expressions obtained in the main text. For example, in Fig. (4) , we use 100 randomly generated states with the bases of |x in Case F in the main text, i.e., all the product basis states in the whole (1) by randomly generated states over the whole Hilbert space of n-spin system, as compared with Eq. (12) in Case F in the main text. For each n, we use 100 randomly populated states.
Hilbert space, but random populations in each product basis state. The error bars in Fig. 4 for random states rapidly vanishes with increasing n. Making the analytical expression a really good predictor of decoherence for an arbitrary state.
